The collision of ultra short high density e − or e − and e + beams on the 10s of GeV range, to be available at the FACET II facility and in near term laser wakefield accelerator experiments (LWFA), can lead to energetic radiation (few GeVs, 10 22 W/cm 2 ) and more than 10 5 secondary electron-positron pairs, even for conditions where beam disruption is negligible. We propose a theoretical model for the description of beamstrahlung radiation and pair creation which occur at these interaction points. The model is confirmed by full scale 3D self-consistent particle-in-cell simulations that include quantum electrodynamics effects. At the threshold of the quantum regime, the yield of secondary pairs is orders of magnitude higher than what is predicted by previous studies, based on the average field approximation. This yield is relevant to near-term laser wakefield (LWFA) experiments and for the design of future TeV colliders based on plasma acceleration.
The collision of ultra short high density e − or e − and e + beams on the 10s of GeV range, to be available at the FACET II facility and in near term laser wakefield accelerator experiments (LWFA), can lead to energetic radiation (few GeVs, 10 22 W/cm 2 ) and more than 10 5 secondary electron-positron pairs, even for conditions where beam disruption is negligible. We propose a theoretical model for the description of beamstrahlung radiation and pair creation which occur at these interaction points. The model is confirmed by full scale 3D self-consistent particle-in-cell simulations that include quantum electrodynamics effects. At the threshold of the quantum regime, the yield of secondary pairs is orders of magnitude higher than what is predicted by previous studies, based on the average field approximation. This yield is relevant to near-term laser wakefield (LWFA) experiments and for the design of future TeV colliders based on plasma acceleration. Colliders are a cornerstone of fundamental physics of paramount importance to probe the constituents of matter. At the interaction point of a collider, several detrimental beam-beam effects should be avoided, chief among these are beam disruption [1, 2] , bemstrahlung radiation [3, 4] , and pair creation [5] . Beam disruption arises when the collective field of these beams focuses (unlike charges e − e + ), deflects, or blows apart (like charges e − e − ) each beam [1, 2] such that the beam density profile is significantly altered or the number of collisions may be reduced. During this process, beamstrahlung photons are emitted via nonlinear Compton scattering, and in turn can decay into electron-positron pairs via the multi-photon Breit-Wheeler mechanism [5, 6] . These processes produce background events but also lead to an energy spread of the beams. They become more relevant in the quantum regime, when the relativistic invariant parameter χ exceeds unity. The parameter [7] measures the closeness to the Schwinger limit E s = m 2 c 3 /e of a particle with momentum p and Lorentz factor γ, crossing an electromagnetic field E, B, m is the electron rest mass, c is the speed of light, e is the elementary charge and is the Planck constant. In designs for linear colliders at the energy frontier (TeVs) disruption and beamstrahlung can be major issues due the large charge and small spot sizes that are needed to achieve large luminosity. As a result, such linear colliders are usually designed to avoid the quantum regime by using flat and elongated beams [8] since photons and secondary pairs represent an energy loss for the beams [9] [10] [11] and a source of background noise for the detectors [5, 11] , respectively. The quantum regime is actually accessible in electron-positron, or similarly electron-electron, collisions of round beams at considerably lower energy (E ∼ 10s GeV), if the spot size at the collision is small (σ 0 ∼ µm) and the beam current (I ∼ 100s kA) is high. Such beams should be available at the new SLAC facility, FACET II [12] , and in the next generation of Laser Wakefield Accelerators (LWFA) experiments, opening new exciting opportunities. LWFA experiments already deliver beams with 10s of kAs of current and micron spot sizes within a single acceleration stage [13] [14] [15] , and are advancing towards a multistage configuration to reach higher energies [16, 17] , with the ultimate goal of a TeV LWFA collider [18] . Recent advances, along with theoretical models and full scale simulations [19] [20] [21] , predict 10-30 GeV beams from LWFA accelerators driven by 250 J class lasers in a single stage that should be soon available [22] .
In this Letter, we present an analytical model for the quantum effects that occur during the collision of electron-electron and electron-positron beams. The model shows excellent agreement with 3D QED-PIC simulations performed with QED-OSIRIS [23] [24] [25] [26] [27] [28] . Our results show that, at the threshold of the quantum regime, beamstrahlung and pair production are driven by the maximum collective field region, with a clear experimental signature, which cannot be described by the uniform average field model [3, 5] . As a consequence, the yield of secondary pairs can be orders of magnitude higher than what has been surmised before [5] . Secondary pairs are detrimental for colliders and can be studied in near term LWFA experiments. From a broader perspective, the collisions of ultra high current electron beams at 10's of GeV could be exploitable as a secondary source of energetic radiation and ultrarelativistic pairs. This idea was briefly mentioned but overlooked in the context of TeV colliders [10, 29] .
The propagation of a single relativistic beam is almost 
, where ω b = 4πe 2 n 0 /m is the plasma frequency associated with the beam peak density n 0 , and σ z is the beam length. This parameter is related to the number of relativistic plasma periods contained within the beam duration time (∼ √ D) and it distinguishes three regimes: i) the low disruption regime D < 1, ii) the transition regime 1 < D < 10, and iii) the confinement regime D > 10. The disruption parameter can also be cast in the form
, for the beam parameters discussed above. In the low disruption regime, the beam duration (collision time) is considerably smaller than the relativistic plasma period and the particles are almost free streaming leading to similar interaction dynamics for e − e − and e − e + collisions. Even for low disruption, beamstrahlung radiation and consequent pair production can rise significantly if the two beams interact in the quantum regime. The classical regime is identified by χ 1, the full quantum regime by χ 1 and the quantum transition regime ranges from 0.1 χ 1. Beamstrahlung and pair production are commonly described via the parameter Υ mean which is the ratio of an effective mean field strength over the Schwinger field [3, 5] . However, this description fails to describe the quantum transition regime where photon emission and pair production are driven by the maximum field region. For round colliding beams, the maximum χ isχ 0.081
0.1 − 1, for the beam parameters discussed above. In particular, the transition from the classical to the quantum regime is marked by an exponential growth of the Breit-Wheeler cross section with respect to the local value of χ. In this regime the detailed description of the field topology is of absolute importance.
In the proper frame of reference (primed) of one beam, the collective field is purely electrostatic E = 0, B = 0. In the laboratory frame (unprimed), this field is Lorentz transformed as a crossed electromagnetic field, E = γE − γ 2 γ+1 β(β · E ) and B = γβ × E where B ⊥ is perpendicular to E ⊥ with the same magnitude B ⊥ = E ⊥ 1 − 1/γ 2 E ⊥ and E = E ⊥ /γ, B = 0, with the parallel component along z, the propagation axis, and the perpendicular component along r. In this configuration, the local parameter χ reduces to χ = 2γE ⊥ /E s . In the low disruption regime particles are almost free streaming and the field topology is not altered during the two beams interaction time. Thus, by assuming γ to be constant, the local value of the differential probability rate of photon emission W ω and the rate of pair production W p are determined uniquely by the local value of χ(E ⊥ ). The photon spectrum generated by a primary electron that crosses such field is given by s ω (ξ, r) = ∞ −∞ W ω dt where t = z/2c and ξ = ω/γmc 2 is the normalized photon energy. On its turn, a photon of energy ξ emitted at time t has a probability P ω→p (r, t) = ∞ t W p dt to decay in an electron-positron pair. The joint probability to produce a secondary pair from a primary particle is then y p (r) = 1 0
, where r and z coordinates are normalized to √ 2σ 0 and to √ 2σ z respectively. By averaging s ω (ξ, r) over the beam density profile, we obtain the collective photon spectrum:
. The parameters are l ν =b (1, 0) ). By averaging y p (r) over the beam density profile, we obtain the yield of the secondary pairs:
Here, the function Ξ ν applies to
and m ν = 
4/3χ (See Supplemental Material at [ ] for full derivation).
To illustrate and to complement our analytical estimates, we simulated the collision of two beams with σ 0 = 1 µm, σ z = 3 µm. The number of particles in each beam is N = 4, 5, 5.8 × 10
10 , for energies of E = 25, 30 GeV. The center of each beam is set at z c = ±3σ z at t = 0, and they counter propagate for a total simulated time of 6 σ z /c, when the two beams completely crossed each other. Each beam is composed of 5 × 10 7 simulation particles. The simulation box size is L z 18σ z , L x = L y 6σ 0 . The spatial and temporal resolutions range from dx = dy = 0.1 to dz = 0.4 c/ω b and dt = 0.007 − 0.07 ω −1 b . The collective field corresponding to the initial beam density in vacuum is initialized with a Poisson solver [31] in the proper frame of reference of each beam and then Lorentz transformed into the laboratory frame. This allows to have a self-consistent field configuration at the interaction point.
The produced photon density (seen on Fig. 1 ) vanishes on axis, where the collective field vanishes and photon emission and pair production are suppressed. On the other hand the probability of photon emission is maximum around r = √ 2σ 0 , where the collective field is maximum. However, it is the joint contribution of both the collective field and the density shape of the beam that determines the radius where the photon density is maximum. On a plane perpendicular to the photon propagation direction, the photon beam has a ring shape which reveals that beamstrahlung occurs mostly in a specific re- gion of space. This is an experimental observable which is not predicted by the average field approximation as it traces the field inhomogeneities. Such inhomogeneities are not only relevant qualitatively but quantitatively. In the peak field region, the regime χ ∼ 1 is approached. Here, the likelihood of emitting energetic photons as well as the likelihood for these photons to decay into new secondary pairs increase exponentially. From the beamstrahlung spectrum, one can infer some of the collision conditions at the interaction point. As an example, if the two beams collide with a transverse misalignment the photon density varies along the ring, it is then possible to quantify the degree of misalignment upon impact. Figure 2 (a, b) show the beamstrahlung photon energy spectrum predicted by Eq.(1a), Eq.(1b) and obtained from the simulations in comparison with the uniform average field model [3] . The uniform average field model underestimates the number of beamstrahlung photons in the high energy tail, Fig. 2 (b) , which are the photons with the highest probability to decay into secondary pairs. Figure 2 (c) shows the secondary pairs energy spectrum, with a very large mean energy ofĒ p ∼ 10 GeV, and a small energy spread (rms) ∆E p /Ē p ∼30%, as compared with other secondary sources of neutral lepton jets [32, 33] . Figure 3 shows the yield of secondary pairs predicted by Eq.(2) and obtained from simulations in comparison with the uniform average field model [5] . As the pair production process is exponentially dependent to the local field strength, only the highest region of the collective field drives secondary pair production. With this regard, the uniform average field model underestimates the yield of secondary pairs. We performed as well simulations with elliptic beams, σ x /σ y = 2.25, where the transverse beam section is preserved (σ 2 0 = σ x σ y ). We observe a reduced pair yield for the elliptic beams compared to the round ones in agreement with qualitative predictions [5] .
The assumption of negligible beam energy loss, such that γ can be assumed constant, holds for the beam parameters in consideration. In the simulations, the maximum fractional energy loss of the beams is η ω 0.085 with Y ω 0.95 radiated photons per primary electron (N = 5.8×10
10 , E = 30 GeV, σ 0 = 1 µm and σ z = 3 µm). Our model predicts η ω 0.096 with Y ω 0.96. Our model neglects the beam emittance. However, LWFA beams are now produced with normalised emittance as low as ε N ∼ 1 πmm mrad [34] . If we consider the evolution of the beam spot size after focus, it varies as σ b (z) = σ 0 1 + (ε N z/γσ 2 0 ) 2 [35] . As the interaction distance is in the order of z ∼ σ z and σ z ∼ σ 0 ∼ 1 µm, we conclude that for LFWA beams the initial emittance does not contribute significantly to the evolution of the spot size during the beam-beam interaction time.
However, the emittance of each beam increases due to the collective field force. From 2D simulations of primary cold beams of 5.8 × 10
10 particles, at 30 GeV, σ 0 = 1 µm and σ z = 3 µm the normalised emittance after the interaction region results to be ε N,b ∼ 282 mm mrad. The secondary pair beams show a normalised emittance of ε N,p ∼ 468 mm mrad. Thus, we might think of separating the fireball beam, composed by the secondary pairs, from the primary beam by leveraging on two favourable features: i) the difference in their emittance ii) the transverse density profile of the secondary pair beam which vanishes on axis, where the primary beam is more dense. The waist of the primary beam after 1 mm from the interaction region is σ b ∼ 5.5 µm (where the out coming Lorentz factor is γ ∼ 5.2 × 10 4 ). The waist of the secondary pair beam after 1 mm from the interaction region is σ p ∼ 27 µm (where the out coming Lorentz factor is γ ∼ 1.7 × 10 4 ). It is possible to devise a damping of the primary beam (placed along the propagation axis) that allows to separate and collect the fireball beam. The pair conversion efficiency is in the order of 10 −7 (from the simulations) for primary beams of 5.8 × 10
10 particles, at 30 GeV, σ 0 = 1 µm and σ z = 3 µm. The composite beam (electrons, photons, pairs), which exits the interaction region, might find use to reproduce extreme astrophysical environments in the laboratory such as lepton jets [36] at energies and densities not achieved before through the Bethe-Heitler process [32, 33] . The yield of pairs can be increased by compressing and tightly focusing the beams, but this would require beams with very low energy spread and very low emittance. For beams of 3.2 nC in charge, 5 GeV in energy, compressed at σ z = 1 µm in length, and focused at σ 0 = 0.1 µm the secondary pair yields is Y p = 1.8 × 10 −3 which means 3.6 × 10 7 secondary pairs. Thus, this promising setup may allow the production of ultra-relativistic positron beams in a setup with only LWFA electron beams. Beamstrahlung would also resemble a synchrotron source of hard photons at GeV energy. For the beam parameters discussed above, the conversion efficiency values η ω 0.4 with Y ω 3, average photon energy of 0.6 GeV, and average intensity of I ω 3.5 × 10 31 W/cm 2 . Our model sets more stringent constrains compared to the uniform average field model to the design of a collider from a fundamental physics point of view. The beams used in the 100 GeV Large Electron Positron collider (LEP) were elongated σ z = 1.61 cm and of relatively low current I ∼ 1 kA, which set them below the quantum thresholdχ ∼ 10 −4 (Table I) . On the contrary, because of the higher energy and of the tighter focus, the proposed 250 GeV International Linear Collider (ILC) and the 1.5 TeV Compact Linear Collider (CLIC) will enter the quantum regime (Table I) where mitigation techniques are required to prevent the quantum processes explored here from hindering the particle physics experiments. By extrapolating the parameters of Table I , a TeV LWFA (or beam driven) collider will enter the full quantum regimeχ 1, where it might suffer from severe beamstrahlung losses [38] . The use of multibunch trains [38] could mitigate the beam energy loss but it will lead to additional complications (head-tail or hosing instabilities). A future plasma based accelerator collider may therefore require elliptical shaped bunches at the interaction point.
The exploration of beam-beam collisions as a secondary source of energetic beamstrahlung photons and of relativistic secondary pairs, as well as the exploration 
